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Introduction

Consider a theoretical function,
hx0, y0, z0i = f (x, y, z)
such that this result is always orthogonal to the input, and that a minute adjustment in the
direction of input will result in a similarly proportioned adjustment in the output. There are
many ways to analyse this problem, however ultimately, this function can not exist.
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4D Cross Product

Initially, it seemed that the 4D cross product may provide a useful result in solving this problem.
When looking at the problem in 2D, a function for finding orthogonal exists and can be written
as:
f (x, y) = ×3 (hx, y, 0i, h0, 0, 1i)
This satisfies the above requirements, but only in 2D. To achieve the same in 3D, one might
write:
f (x, y, z) = ×4 (hx, y, z, 0i, h0, 0, 0, 1i, h?, ?, ?, ?i)
However, the extension of the cross product to 4D requires an additional vector to constrain the
result. There are some basic requirements for this unknown; it cannot be the same as either the
first or second input. Thus at least one of its 3D terms must always be non-zero, and its 4th
term must also always be non-zero.
f (x, y, z) = ×4 (hx, y, z, 0i, h0, 0, 0, 1i, h1, 1, 1, 1i)
This function provides some very positive results. Yet, there is a major problem when x = y =
z. We can solve the 4D cross product[1] to analyse this result:
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Solving this function in terms of the input tangent, we will get a function that looks like
this:
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It is clear from this skew symmetric matrix, that when x = y = z, the result will be zero. An
example tube rendered with normals using this function can be seen in Figure 1. This tube can
be manipulated to show this problem.

Figure 1: A triangle tube around a ‘spring’ shaped spline with normals calculated using the 4D
cross product. The red edge marks the normals generated.
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The problem with cats

Consider a cat with fur oriented in 3-space (a cat in 4-space incidentally, does not have this
problem). We take any point on the cat’s surface. At this point, we consider the surface normal
vector - and typically - there will also exist a cat hair, orthogonal to this surface normal. We may
even begin to think, that given any surface normal on a cat, there is a corresponding orthogonal
hair...
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However, this is not the case! There are two points on a cat where no orthogonal hairs exist - at
the tip of the nose, and at the end of the tail. At the nose of the cat, all hairs point down the
cats body. At the end of the tail, all the hairs point away from the cat - ie, in the same direction
as the tip of the tail surface normal.
This problem is referred to as the Hairy Ball Theroem[2]. Given a 3D sphere, a smoothly varying
vector field over the surface of the sphere has to have at least one point (but typically two points)
where the field is 0, as seen in Figure 2. The function we have defined above clearly has this
problem.

Figure 2: A failed attempt to comb a hairy ball flat, leaving two tufts at the top and bottom[2].
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Further implications

Interestingly enough, this has far greater implications than one might initially expect.
”Another consequence of this theorem applies to wind blowing over the surface of the
earth. Either there have to be places where there is no wind or at some places the
wind would be blowing in opposite directions, directly adjacent to each other. This
corresponds nicely to what we know about hurricanes and tornados, that in there
centre the eye there is no wind. Even if we were to imagine one big flow of wind
going over the earths surface in a direction along the equator, then still there would
be areas without wind at the poles.” [3]
Any shape which can have its surface deformed to a sphere will exhibit this problem. However, a
doughnut shape (see figure 3) does not have this problem, and it is possible to map every surface
normal on a doughnut to a corresponding orthogonal vector.

Figure 3: A hairy doughnut, on the other hand, is quite easily combable[2].
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Finally

The results of the 4D cross product could still potentially simplify a given solution to this problem.
However, the result will always be on the plane which is orthogonal to the input tangent, thus
the problem can be represented entirely in 3-space.
Further investigation is required to provide a working example.
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